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Chapter4 Time Domain Analysis of Control System

@ Routh stability criterion

@ Steady state errors

@Transent response of thefirst-order system
@ Trangent response of the second-order system

@ Time domain performance specifications

@ The relationship between the performance specifications
and system parameters

@ Trangent response of higher-order systems

Definition of characteristic equation

C(s) _b,s"+h, ,s" +L +hs+h - G(9
RS as'+a,,;s" +L+as+g,

The characteristic equation of the system is defined as

a,s'+a, s +L+as+a, =0
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Transfer function:
Q
s k(i:)1 (s+2)
G(s) = R(S) = <
Q (s+ pj)Q [s+(sy+ jwIll(s+ (s - Jwy)]

z . zerosof the closed loop
P, -S Ejw, =-zw Ejw, |1-Z27

poles of the closed loop

o
kQ (s+2)

Step response: C(s) =

1
pram

O s+ p)O s+ (5, + wll(s+ (s, - jw] °

a,s+b,

d a4
o9=2+8 1 +3

: +D. < i N i N
SRR S w1 270 Saw, - jwy1- 2,

j=1

j=1

q r
=a,+q ae " +§ D sn(w,1- 2/ t+ ,)
i=1

q r
Clt)=a,+8q ae ' +q & (B, cosw,/1- z t +C, Snw,/1- z 2t)
k=1
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4.1 Routh stability criterion

Consider that the characteristic equation of a LTI system

F(s)=as"+a ,s"'+L+as+a, =0

Where al the coefficients are real numbers.

In order that there be no rootsof the above equation with positive
real parts, it is necessary but not sufficient that

1. All the coefficients of the polynomial have the same sign.
2. None of the coefficients vanishes.

The Routh tabulation
F(5)=as"+as" +a,s"" +L +a,,5+3, =0
for n=6
s 9 a, a, 23
SS a1 a3 as, 0
< alag'a()ag:A a1a4-a0a5:B M:% 0
a & L a
S Aas'aiB:C M:D M:O 0
A A , A
¢ BC-AD_p Ca-AO_, CO-A0_,
C C
S Fa,- E° O 0 0 0
F
6

Automatic Control System



Dr.-Ing. Wel Wang, Dept. of Automation,
Shanghai Jiao Tong University

Rout-Hurwitz criterion

Therootsof the polynomial areall in the left half of the s-plane
if al the elements of the first column of the Routh Array are
of the same sign.

If there are changes of signs in the elements of
the first column, the number of sign changes indicates the number
of rootswith positive real parts.

The necessary and sufficient condition for the stability of a system

Example:

Solution:

(2). Routh array is 3 1 10

The characteristic equation of asystem is
s* +4s* +10s+50=0
Determine the stability of the system using Routh criterion.

(1) . Check the necessary condition

0)]

2 4 50
1 .25 0
s 50 O

n. un

The system has two rootslocated in the right half of the s-plane.
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Special case 1

Thefirst element in any one row of the Routh Array is zero but
the other elements are not.

test.

We can replace the zero element in the Routh tabulation by an
arbitrary small positive number e and then proceed with the Routh

Example:

The characteristic equation of a system is

|s° + 5% +55° + 552 + 25+ 1= 0|

Determine the stability of the system using Routh criterion.
Solution: Routh array is

SS

4

S
g3
g2

Sl

SO

1 5 2
1 51
O(e) 1 0
5e-1 10
© 2
5e-1-e 0 0
5e-1
1 0 O

There are two sign changes in the first column of the tabulation, the
system has two rootslocated in the right half of the s-plane.

10
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Special case 2

The elements in one row of the Routh Array are al zero.

|$* + 52 +165+16 = 0|

TheRouth array is :

The auxiliary equationis:

system is stable .

s 1 16
s 1 16
ss 0 O

Example: | The characteristic equation of the system is:

|A(s) =5 +16=0)

.. un nu n

16
16
0
0

The sign of the elements in thefirst column does not change, the
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Example: RS ] R—r

K(s+1)

s(Ts+1)(2s+1)

C(s)

Solution: the characteristic equation:

‘ZTs3 +(2+T)s* +(K +D)s+K =O‘

Routh array: s’ T K+1
s 2+T
o (+T(K+D- 2K
2+T
s° K 0

Determine the value of K and T to make the closed loop be stable.

13

750

2+T>0

[(2+T)(K+D) - 2TK >0

The condition for the stability is:

0 <K <

T+2

14
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15

s*+8s*+10s+2=0

Example; | The characteristic equation of the system is

3
Solution; Routharray; S 1
s> 8
thesystem isstable.  |s' 9.75
s 2

10

Let |s=5s,-1

The characteristic equation becomes:

$3+552 - 35, - 1=0

Determine the stability of the system. Analyze how many roots
lie between the imaginary axis and the line

16
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e (¥)=c(¥)-r(¥)

,n.;;") i
Allowable toleran ce
} of steady slate errar
' B NN
L . e
0% -t ! | T
| | +0.02 or £2.05
|
0.l | | -
L T -
-
I

s’ +5s8” -3 -1=0
$ 1 -3
Routh array for the above equation: 512 5 -1
s -28 0
¢ -1 0
there is oneroot on theright side of the : —
lines=-1. !
E [s]
o
17
4.6 Steady state errors

18
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R(s) +

E(s)

ﬁ = j
B H(

C(9)

E(9)=— )
1+G(s)H(s)
L N N 1
e, = It|®rrg e(t) = Isl®mo SE (s) = Isl®mo Sl+ G (s)H (s) R(s)

19

the types of the control systems

9
K.Q(s+3)

i=1

G(g) = (st 2)(s*+Z)L(s+2,)
(SRS PILGHP) o & gip)

n=0, typeO system
n=1, typelsystem
n=2, type2system

j=v+l

20
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a. position error constant

For a step input r(t) = R>u(t)

R/s
ims
0 1+G(s)H (s)

ey me(t)—llmsE(s)—Il

R(s)

s®0 1+ G(s)H(s)
R
50 1+G(s)H(s)

R

e, =lim = -
®01+G(S)H(s) 1+ Isl®rr016(s)H (s)

Isi®rgG(s)H () =Kp

21

b. velocity error constant

Forarampinput: |r(t) = Rt

R/
ims
0 1+ G(s)H(s)

e —Ilme(t)—llmsE(s)—Ilm

sG(s)H(s)

R(s)
0 1+G(s)H(s)

R
Ilm—
©0 SG(s)H ()

<
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c. Accdleration error constant

for acceleration input |r(t) = % Rt?
: : : R(s
e, =lime(t) =limsE(s) =lims (S)
t® ¥ s® 0 20 1+G(s)H(s)
R/S’ . R
=lims =liMm————
0 1+G(s)H(s) s®0s°G(S)H(s)
K, =lims’G(s)H =R
2 =1lims (s)H(s) eSS_K_a
23
Steady state error
system input
type impulse step ramp acceleration
0 0 2 o0 0
1+K,
1 0 0 R 0
K,
2 0 0 0 R
Ka
24
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Example: | Determine the steady state errors, when the input is
1
t| and |=t?]. R(s) + 10 C(s)
U(t) ' an 2 4%’ s(s +5) -
Solution:
K, =limG(s)H(s) =lim 10 =¥
s®0 s®0 S(S+5)
: : 1
K, = lim sG(s)H () = lim s— 2 =
s® 0 s®0  g(s+5)
. . 1
K, =1im s*G(s)H (s) = lim 52—0 =
s® 0 s® 0 S(S+ 5)
25

-1 _

*1+K,

1.1

S T T

= ¥
a

26
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4.1 Thetransient response of the first-order system

4.1.1 The math model

Ck)_ 1 R(s) + 1
R(s) 1+Ts % Ts

C(s)

27

4.1.2 the step response

rit)=u(t), R(s)=ls

_ 1 2
C(s)—G(s)R(s)—(TS+l) -
1T
s 1+Ts
L
ct)=1-eT t3 0

28
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c(t) 4
dope=1,/T
| I
1 0.632 86.506 95% 98.2% 99.3%
63.2%
0 T 2T 3r 4T 5T t
29
Impulse response: RO + 1 cs)
Ts
1 1
=— . R = A
CO =i RO =17 ()
1 -+
t)=c(t)==eT
g(t) =c(t) =

~Y
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Ramp response :

(9

c(t)=t- T+Te "

_ 1 1 1 T, T
C(s) =G(IR(s) = 1+T ><s_2 T2 s ¥ s+1/T
ct)=t-T+Te"'T
31
A c(t)
r(t)
F(t) & =T

c(t)

>

!E@T[C(t) - r(t)] = Li@ry[t -T+TeT-t]=-T

32
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4.2 thetrangent response of the second-order system

4.2.1 the mathematical model

Ry + K C(s)
—R— s+ | T T

R(s) + K C(s)
® S(Ts+1) C(s) -

2
F(s)= .
(s) s? +2zw s+ w’

Automatic Control System
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The characteristic equation :
s> +2zw s+w’ =0

Therootsof the characteristic equation are

35
1. underdamped  (0<z <1)
S,, = -ZwWw ,*tw z?-1 S, =-S * jw,
If input is aunit step u(t):
2
SO LSS R —— L
(s"+2zw,s+w;) s S (s+zw,) +w; (s+zw,)" +wy
36
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1

1-2z°2

=1-

- zwnt

1-z

- ZWnt
c(t)=1-e (cosw,t +

sinw,t)

z
V1- 22
e ™" (yJ1- z 2 cosw,t +z sinw,t)

—Zsin(wdt+q)

= arccosz

37
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2. Critically damped response z =1
Si, = -ZW  xW 4/z%-1
2w
a
w? 1. 1 w 1
c(s)=— n o= - -
(s"+2w,s+w;) s s (s+w,)” s+w,

c(t) =1- e “ (1+w.t)

c(t)

39

— 2
S, =-ZW, *W 4/z°-1

3.Overdamped case| z >1

1 [2(22-2,122-1-1)]'1+[2(22+z z%-1-1"

c(s) ==+
S s+zw,-wz2-1

s+zw, +w,4z2- 1

T, =-(z +42%- 1w,
T,=-(z-+2%- 1w,

Let

c(s) :§+

1,[2@%- 2427 1- " (227 +2\z27-1- 1" c(t)
s-T,

s- T

r(t)

1 e!
2\/22-1 -, -T,

c(t)=1+

c(t)

Automatic Control System
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4. undamped case (z =0)

c(t)

E%"2 = z\Nn * \Aln z 2- ]' S1 2 j: j\AIn
c(s) = Wy L=l S
(S°+wW?) s s s+w’
|c(t) =1- cosw,t (t3 0)

VA

(z=0)

2. The pesk time t,

41
4.3 Time domain performance specifications
I I 'y ] i
1. Risetimet, Allowable folerance
L or steady state errar
Ty \\ L
| f ™ —
o — —
ne —I— f

_0ONEor LOOG

42
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3. Percentage overshoot G,

P

_ c(tp)- c(¥).

100%
c(¥)

4. Steady-state error eg

S

_C(¥)-r(¥).

100%
r(¥)

Allowable lolerance

L or steady state errar
*,
Ty , L
, . L SR
n.e —f_ T
_DNZor L00OG

43
5. Settling time t,
r?{J‘:J A
Allowakle tolerance
} or steady state error
l
0.4 |
| | +0.02 or +0.05
|
0.1 | | "
o | f
[ R I
==
e ,r_z' —.-I |
‘, |
I 44
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4.4 Therelationship between the performance specifications and system

parameters (0<z <1)

1. Rise time-system parameter

- ZW,t
o(t) =1- —2

J1-27

According to definition:

sinfw,t +q)

cft,) =1

-ZWpt,

c(t,) =1-

— sin(wt, +a) =1

Wdtr +q = p

2. Peak time -system parameter

n— 1 ‘!p ”””” /‘\ ! ﬂ

(£0.050r£0.02) X r ()

c(t) A
2p 2p
2tP = = =
Wy w.\/1-2z
0.9 ,,i,,,‘
(=P _ P 1
P > ;
Wy w 41-2z |
01 |
ol | !
et —»

-~ g ———————»! 46

\

—
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3. Percentage overshoot - system parameter

B

4

c(t,) =1-e
1-z°

ct) =1- ! e Wit (4/1- z 2 coswgyt +z sinwgt)
1. 22
-z
to =P W t, :Wnizwn P -_P
W, Wy wy/1- X% |1- X2

c(t,) =1- N e’ " (J1- 22 cosw,t +z sinwt )
1-z

p
@(cosp +%sinp)

47

4

1- 22

i c(¥)

2 ]
c(tp):l-eﬁ'?(cosp+ Z sinp):1+eJ1‘7

Zp

= Clt) - €¥) - 1 300p=Cte)= 1o 15004
1

Automatic Control System
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7 %
100
_A1-z7?
s_=e ,
P 80 F(s)=—e— 0
\ s%+ 2Zwps +wn2
60\
\\ S p: | Percentage overshoot
Sp
40
20
\‘
~—
0 0.5 1.0 15

S, isonly related to z.

4. The settling time t_ - system parameter

PR |

]
Alloveable talerarce

ar atrady arate error

| 4
lc(t,) - c(¥)|=Dxc(¥) L TN

1 !
| FLO2 ar T 0.05

0] :

D=+0.020r 0.05 ’ [+t = |

— e —
’

¥
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_|
N |
9

- ZWntg

e

1-z2

51

approximately:

4
t,=—— for D=0.02
w

3
t, = ~w_ for [D=005

52
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, Ry + K SOR
Example; — & >

The desired specificationsare: s , = 20%, t, =1s

What should the value of K and K, be? Determine the value of t
andt,

S

Solution: The transfer function of the closed loop is

C(s) _ K _ K
R(S) sS(s+])+K+KK,s s°+(1+KK,)s+K

w, =vK, 2zw,=1+KK,

53
-Zp
M e _ 7 = 0.456
e =0.2
2w,
=2 =L2=1 w, =3.53rad/s
We  w 41-2
K=w’=125
1+ KK, = 2zw,, Ko =0.178
C(s) _ K _ K
R(S) sS(s+)+K+KK,s s°+(1+KK,)s+K
54
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Gt
t =—P-9 -gess
W, 4/1-2
1_ 2
q=tg* 2 =11rad
z
(4) t
3
ts =—— _=1.86s for D=5%
zZwW,,

4.5 Transient response of higher-order systems

1. Step response of a higher order system

pul
kO (s+2) .

C8)=3 L S
Q (s+ Pj)Q [s+ (s + W )Il(s+(s - jw)]

C(s)=i+§ a +é a,sth,

2
S aSth (s+z ka)2 +(\/\{( 1- Zkz)

Automatic Control System
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j=1

q r
=a,+9 ae "' +Q D& " sinW/1- 27 t+f,)
j=1 i=1

q r
Clt)=a,+ a€ "' +q ™" (B cosw,/1- zt+C, Snw,/1- z 1)
k=1

r(t) ¢

1 rt)

o)

o)

r(t)

57

3. The dominant poles of higher-order systems

j=1 i=1

(4] r
[*) - D: ] _ .
=a,+q ae "' +q De " sSnWw1- 2/ t+f,)

q r
Ct)=a,+a ae” +8 €% (B, cosw, /1- z 2t +C, sinw, /1- z t)
j=1 k=1

Automatic Control System
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dominant closed loop poles | —| x

O

Q
y

Rel poles of closed loop] < 1
Re[dominant poles] 5

thereis no zeros of the closed loop near the dominant poles

59
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